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To treat nonequilibrium alignment phenomena in molecular liquids and in liquids crystals 
two points of the usual irreversible thermodynamics have to be modified. Firstly, in the specific 
energy a term quadratic in the alignment tensor is included. Secondly, terms up to 4th order in 
the alignment are taken into account in the entropy for a nonequilibrium situation. Then the 
entropy production is calculated. Constitutive laws are set up for the friction pressure tensor and 
for the tensor which characterizes the decay and the production of the alignment in the balance 
equation for the alignment tensor. As a first application, the nonlinear relaxation equation for the 
alignment is considered. For a uni-axial alignment zero and nonzero stable stationary values of the 
order parameter are found for temperatures above and below the temperature TK at which the 
transition from the isotropic to the nematic phase takes place. Small deviations from the equi-
librium alignment decay exponentially. For temperatures below T R the relaxation time turns out 
to be anisotropic. In the appendix, the entropy associated with the alignment is calculated for a 
special case. 

Introduction 

In molecular fluids, nonequilibrium alignment 
phenomena such as flow birefringence and the re-
laxation of the alignment occur in addition to the 
standard transport processes. In this and in a follow-
ing paper, these phenomena are treated theoretically 
within the framework of irreversible thermo-
dynamics. Special attention is paid to nematic 
liquid crystals. 

Point of departure is an expression for the 
entropy in the nonequilibrium situation where terms 
up to 4-th order in the alignment are taken into 
account. Furthermore, it is assumed that the total 
energy of the fluid contains a term quadratic in the 
alignment. Then the entropy production and the 
constitutive laws are obtained by standard techni-
ques. The nonlinearity of the constitutive laws is of 
crucial importance for the occurence of the phase 
transition "isotropic-nematic" and for the descrip-
tion of nonequilibrium processes at temperatures T 
close to the transition temperature TK . The non-
linear constitutive laws contain those derived by de 
Gennes1 '2 for (isotropic phase) and those 
proposed prev ious ly 2 ' 3 - 7 for T < 7 ^ (nematic 
phase) as special cases. 

Reprint requests to Dr. S. Hess, Institut für Theoretische 
Physik der Universität Erlangen-Nürnberg, D-8520 Er-
langen, Glückstraße 6. 

This paper is divided into 8 sections. Section 1 
is devoted to a discussion of the description of the 
alignment. In Sect. 2, the basic assumptions under-
lying the present theory are introduced. Firstly, it 
is assumed that the specific energy of the fluid con-
tains a term proportional to a : a where a is the 
alignment tensor. Secondly, it is assumed that the 
entropy in a nonequilibrium situation is the sum 
of the usual entropy plus a term associated with the 
alignment. The most general expression for the 
alignment entropy up to terms of 4 th order in the 
alignment tensor is introduced in Section 3. It con-
tains 4 characteristic coefficients which reduce to 
3 coefficients for an unaxial alignment. In Sect. 4, 
the local conservation laws and the balance equation 
for the alignment tensor are formulated. The latter 
contains a term associated with the relaxation and 
the production of the alignment which has to be 
determined by a constitutive law. The entropy pro-
duction is calculated in Section 5. It contains two 
force-flux pairs which are 2nd rank tensors, viz., 
the gradient of the velocity and the friction pressure 
tensor, a tensor which is a nonlinear function of the 
alignment and a tensor which occurs in the balance 
equation for the alignment tensor. The constitutive 
laws involving these 2nd rank tensors are set up in 
Section 6. They are nonlinear with respect to the 
alignment. As a first application, the relaxation of 
the alignment is discussed in Section 7. For small 
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alignment and f o r temperatures T>T* where T* 
is a characteristic temperature, the relaxation equa-
tion can be linearized. It contains a relaxation time 
which is inversely proportional to 1 — T* T j u s t 
as in the theory of de Gennes 2 . Then the relax-
ation of an unaxial alignment is studied in more 
detail. The stable stationary solutions of the non-
linear relaxation equation f o r the order parameter 
are zero f o r T > r K and nonzero for T < TK . Here 
T K > T * is the temperature at which the transition 
f r o m the isotropic to the nematic phase occurs. The 
transition is of first order. Furthermore, there exist 
metastable stationary solutions in certain tempera-
ture intervals. The relaxation of small deviations of 
the order parameter f rom its stable stationary values 
is exponential . The same is true f o r small deviations 
f r o m the metastable stationary values except at the 
critical temperatures which speci fy the limits of 
existence of the metastable states. Then the relax-
ation of a special biaxial alignment is studied. A 
stationary solution with finite alignment is f ound 
f o r 7 1 < 7 1 * . T h e transition f r o m the isotropic to this 
special biaxial type of alignment would be of 2nd 
order. This state, however, has a larger free energy 
than the nematic phase, i. e. it is metastable. In 
Sect. 8 , the relaxation of the deviation of the align-
ment tensor f r o m its constant equilibrium value in 
the nematic phase is considered. For small devia-
tions, a l inear relaxation equation is obtained with 
an anisotropic relaxation time. Applications of the 
constitutive laws to flow alignment and viscous f low 
will b e studied in a subsequent paper. In the ap-
pendix , the entropy associated with the alignment 
is calculated f o r uncorrelated particles. 

§ 1 . D e s c r i p t i o n o f t h e A l i g n m e n t 

Before the foundations of the irreversible thermo-
dynamics of alignment phenomena are discussed, 
the description of the alignment has to be specified. 

In this paper , liquids of axisymmetric molecules 
are considered. Their alignment is characterized by 
the 2nd rank tensor. 

a = t ( u u ) . ( 1 . 1 ) 

Here U is a unit vector parallel to the figure axis 
of a molecule and ( . . . ) refers to a local average. 
The symbol !TI indicates the symmetric traceless 
part of a tensor. In particular, one has 

u u = u u - $ s ( 1 . 2 ) 
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where 8 is the unit tensor. In Eq. ( 1 . 1 ) , t is a 
numerical factor which can be chosen conveniently. 
Some specific choices f o r £ will be mentioned later. 

The part of the anisotropic dielectric tensor which 
is associated with the alignment of the molecules 
is proport ional to a . Hence the alignment tensor a 
is of crucial importance f o r the birefr ingence and 
f o r the depolarized Rayleigh scattering. The aniso-
tropic part of the magnetic susceptibility tensor is 
also proport ional to a . In fact, this relation can be 
used to introduce the alignment tensor on a macro-
scopic b a s i s 3 rather than through Equation ( 1 . 1 ) . 

In general, the tensor a can be written as 
3 

a = 2 a. e ( i ) e ( i ) ( 1 .3 ) 
i = 1 

where the e ^ are unit vectors parallel to the prin-
cipal axes of the tensor a and a, are its eigenvalues 
(i . e. diagonal elements of a in the principal axes 
system) . Due to 

3 

2 ai = 0 , ( 1 .4 ) 
i = 1 

( a is a traceless tensor ) , only two of the 3 eigen-
values a, are linearly independent. In connection 
with some applications, two special types of align-
ment are of interest. 

i) Unaxial Alignment 

If the alignment is of unaxial type, a can be 
written as 

a = l / f an n ( 1 . 5 ) 

where M is a spacefixed unit vector termed "direc -
t o r " . The scalar alignment parameter a is given by 
(notice that f i n : H t l = n nn n = 2 / 3 ) 

a = Vl n - a - n = i / R ( P 2 ( u - n ) > , ( 1 . 6 ) 

where P2 is the 2nd Legendre po lynomiac l . If t is 
put equal to CMS = 1 /3 /2 , a is the order parameter 
used in the Maier-Saupe theory of l iquid crystals 2 ' 8 . 
In ( 1 . 5 ) , the factor VS/2 has been inserted such 
that one has 

a : a = a 2 ( 1 . 7 ) 

f o r the unaxial alignment. Incidentally, ( 1 .6 ) 
implies that a is bounded according to 

- i V R ^ a ^ V K . ( 1 . 8 ) 

This f o l l ows f r o m - \ ^ P 2 ( l f T l ) 1. 
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F o r a tensor of the type ( 1 . 5 ) , one of the prin-
cipal axes is parallel to Tl = e ® , the two other axes 
are anywhere in the plane perpendicular to Tl. 

The pertaining eigenvalues are 

a i = a 2 = - £ a 3 , a3 = j / | a . ( 1 . 9 ) 

The spontaneous alignment set up in a nematic 
l iquid crystal is of the type ( 1 . 5 ) . 

ii) Special Biaxial Alignment 

A special biaxial alignment which, e. g . occurs 
in connection with flow b i r e f r i n g e n c e 9 - 1 1 , is de-
scribed by 

a = ] / 2 a n « n ® , ( 1 . 1 0 ) 

where T l ® and tl-2) are unit vectors which are per-
pendicular to each other ( t l ^ - T l ® = 0 ) . In this 
case, the " m a g n i t u d e " of the alignment is also 
characterized by a single scalar parameter, viz. a. 
The factor J/2 has been inserted in ( 1 . 1 0 ) such that 

a : a = a 2 ( 1 . 1 1 ) 

provided that the alignment is of the special type 
( 1 . 1 0 ) . The principal axes of the tensor ( 1 . 1 0 ) 
are parellel to 

e ( 1 > 2 ) = ( m ® ± n ® ) , e ® = n ^ x n ® . 

(1.12) 
The pertaining eigenvalues are 

a 1 = | ] / 2 a , a 2 = — a l 5 a 3 = 0 . ( 1 . 1 3 ) 

Due to a3 = 0, this special type of alignment will be 
referred to as " p l a n a r " alignment. 

§ 2. The Basic Assumptions 

The expression f o r the entropy product ion re-
quired to set up the constitutive laws f o r irreversible 
processes is derived subject to two assumptions. 

Firstly, the total specific energie e shall be given 
by 

e = \v-+ co Q-co-^eaiSL + u (2 .1) 
2 m 

where V is the flow velocity, co is the average 
angular velocity, 0 is the moment of inertia tensor 
of a molecule, and u is the specific internal energy. 
The quantitity e characterizes the energy associated 
with the alignment. The addition of a term pro-
portional to a : a can be justified as fo l lows. In 
the presence of an electric field E a term propor -

tional to E E : a will contribute to e provided that 
the molecules possess an anisotropic molecular 
polarizability. Here, in the spirit of a mean field 
theory, E E is replaced by an internal field tensor 
proport ional to a . The sign of s has been chosen 
such that e > 0 if the ordered state ( a 4= 0 ) is 
energetically more favorable than the isotropic 
phase ( a = 0 ) . For a l iquid crystal, e can b e in-
ferred f r o m the latent heat released when it under-
goes a transition f rom the isotropic to the nematic 
phase. 

Secondly , it is assumed that the specific entropy s 
is, in a nonequil ibrium situation, given by 

s = s e q ( u , e ) + S a ( a ) . ( 2 . 2 ) 

Here Q is the mass density. The subscript " e q " 
indicates that the functional dependence of s e q o n u 

and Q is the same as in thermal equil ibrium. In 
particular, s e q obeys the Gibbs relation 

d 5 e q = r - 1 ( d a - f P e q d r 1 ) , ( 2 . 3 ) 

where T and Peq —Peq(T, q) are the temperature 
and the thermodynamic pressure of the l iquid. T h e 
quantity s a ( a ) is the contribution to the nonequil i -
br ium entropy associated with the alignment. F o r 
s a = 0, ( 2 . 2 ) reduces to the standard assumption 
underlying the irreversible thermodynamics of 
transport processes 1 2 ' 1 3 . A n explicit expression f o r 
s a is introduced in the fo l lowing section. 

§ 3 . Alignment Entropy 

Up to terms of 4 t h order in a , the most general 
expression f o r the specific entropy sa associated 
with the alignment is 

sa = - - - [ £ A0 aßV aßV — i V6BaMVaAaiß 
m 

+ i Cl («W aßv)2 + 4 Co aßV aA alx a* J , ( 3 . 1 ) 

where k^ is Boltzmann's constant. Greek subscripts 
refer to Cartesian components. The summation con-
vention is used. The characteristic (dimensionless) 
coefficients, A0, B, , C2 in general, are funct ions 
of the thermodynamic variables, e. g. of T and £>. 
Their values depend on the choice of the numerical 
factor £ occurring in ( 1 . 1 ) . Later, they will be 
related to measurable quantities. 

A n expression for the alignment entropy can be 
calculated f r o m the one-particle distribution func-
tion in the nonequil ibrium state according to Boltz-
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mann's prescription1 4 ; for an application to multi-
pole relaxation see Ref . 1 5 . This procedure is only 
valid for dilute systems (e. g. dilute gases, dilute 
suspensions) where the interparticle correlation 
plays no dominant role. Yet it seems worth men-
tioning that the entropy calculated in this manner 
(see the appendix) is of the form (3.1) with the 
coefficients A0, . . . , C2 given by 

A0 = l, B= V}, C, = f , C2 = 0 , E ( 3 . 2 ) 

if £ is put equal to V ^ . For a liquid, these coef-
ficients will certainly deviate from the special values 
( 3 . 2 ) . However, it can be assumed that A0, B, 
C t , are positive and practically independent of the 
temperature over a reasonable temperature range. 

Next, the alignment entropy is considered for 
the special types of alignment discussed in Sec-
tion 1. For an unaxial alignment (cf. 1 .5) , (3.1) 
reduces to 

Here 

« B 

m 
[ i AQ ar — § B a? + i C a 4 ] , (3 .3) 

with 
C = C 1 + K 2 . (3 .4) 

Notice that sa is always negative (higher order 
implies lower entropy) provided that 

A0> 0, C > 0 , and Z?2 < f A0C. (3 .5) 

The special values (3.2) indeed fulfill, these in-
equalities. 

For the planar biaxial alignment (1 .10 ) , Eq. 
63 .1) reduces to 

5« = - (kB/m) HA0a2 + iC a 4 ] . (3 .6) 

Notice that no third order term occurs in this case. 

§ 4. Local Conservation Laws, 
Balance Equations for the Alignment and the 

Internal Energy 

Of fundamental importance for the irreversible 
thermodynamics are the local conservation laws 
for the mass density, the energy, the linear momen-
tum and the angular momentum. The first three of 
these equations can be written as 13 

do/d* + e V - V = 0 , (4.1) 

£ dejdt + V ' [C — QeV) = 0 , (4 .2) 

Qdv/dt + V " P = 0 . (4.3) 

d/dt= 3/3«+ r - V (4 .4) 

is the substantial derivative. In (4 .2) and (4 .3 ) , <? 
and P denote the total energy flux density and the 
total pressure tensor, respectively, As a consequence 
of the conservation of the total angular momentum, 
the internal angular momentum obeys the following 
balance equation 1 3 ' 1 6 : 

(1 Jm)Q djjdt - eMvX PvX = 0 (4 .5) 

where j = Q • co is the average internal angular 
momentum and e^vX is the Levi-Civita tensor. Notice 
that £ßVxPvX = EnvxP?x where p ^ i s the antisymmetric 
part of the pressure tensor. 

The alignment tensor obeys a balance equation 
of the form 

dajdt - cox (e„Xx axv + evXx axll) = A„v . (4 .6) 

The 2nd term in Eq. (4 .8) describes the change of 
a due to the rotation of the molecular axes in the 
presence of a nonvanishing average angular velocity 
co. The quantity A^v is associated with the decay 
and production of the alignment. In Eq. (4.6) the 
alignment flux is disregarded, i. e. the alignment is 
assumed to be spatially homogeneous. 

A balance equation for the internal energy is 
also needed. Use of relation (2 .1) and of Eqs. 
(4.2, 3, 6) leads to 

Q du/dt + V • q = - V „ Vv 

- u>ß £^x PvX +Q£afiV Amv , (4 .7) 

with the heat flux 

qli = ell-Qevll-PßV vv. (4 .8) 

The Eqs. ( 4 . 1 - 3 ) , ( 4 . 6 , 7 ) have to be supple-
mented by constitutive laws for the heat flux, the 
friction pressure tensor and for the tensor A^ v . The 
entropy production to be derived in the following 
section provides the guide to set up these constitutive 
laws. 

§ 5. Entropy Production 

According to Eqs. ( 2 . 2 , 3 ) , the time change of 
the specific entropy is given by 

ds 
? d 7 

with 

= r 
d u d£> - 1 

dt 
+ QSM 

da, 
dt 

•V = d s j d a u 

(5 .1) 

(5.2) 
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With the help of Eqs. (4.1, 6, 7 ) , Eq. (5 .1) can be 
cast into the form 

q ds/dt + V* (T-1 qß) = Q (ds/dt) i (5 .3) 

The 2nd term represents the entropy flow. The 
entropy production due to irreversible processes is 
the sum of the usual entropy production (ds/dt) fT%v 

and of terms associated with the alignment, viz. 

ds\ 
- Q ^ 2 ß V A ß V . (5 .4) 

u l / irrev V / i r r e v m 

Here the quantity 

2ßV = - (m/kB) (sßV + £ aßV) (5 .5) 

has been introduced. Up to terms of 4 t h order in a , 
the tensor 2 ßV is given by [cf . Eq. ( 4 . 1 ) ] 

A aßV - Y6 B aßX aXv 

anv a"/.X aXx + C2aßXaXxaxv, (5 .6) 
with 

A = A0-me/kBT = A0(l-T*/T) . (5 .7) 

The characteristic temperature T* is defined by 

kBT* =m £v40 _ 1 . (5 .8) 

Since A0 is positive, the coefficient A is positive for 
T>T*. Notice that 2ßV, as given by (5 .6 ) , can be 
written as 

= (5 .9) 

with 

2 = \ A aßV aßV - J V6B aßV avX aXß 

+ i Q (aßV aßV)2 + i Co aßV avX aXx aXß . (5 .10) 

Comparison with Eq. (3 .1) shows that 2 is equal 
to — (m/k^s^ with A0 replaced by A, cf. Eq. ( 5 .7 ) . 
The quantity (kBT/m)2 is the specific free energy 
associated with the alignment. An expresion for 
the entropy production in liquid crystals similar 
to (5.4) but with 2 ß V approximated by the linear 
term A aßV has been proposed by de Gennes 2 . 

The term (ds/dt) jr°ev occurring in Eq. (5 .4) is 
given b y 1 3 (the superscript " i s o " refers to iso-
tropic) 

/ (5s \iso 

\ 0 1 / irrev 

-T-ip% (\7rvß + eßvxwx) (5 .11) 

-T-ip^V» vv. 

Here 

P = i Pu, p"v = i (p„„ - Pvß) , (5 .12) 

P»v= 2 (PMV + PVJ - I pu dßV (5 .13) 

are the scalar (spherical), antisymmetric and sym-
metric traceless parts of the friction pressure tensor 

P„v = P v ß - P f m & w (5 .14) 

In this paper, the imphasis is on the constitutive 
laws for the quantities pßV, AßV which are set up 
such that the entropy production is positive. 

Before these points are discussed, a remark on 
the antisymmetric part pßV of the pressure tensor 
is in order. The linear constitutive law for p®v can 
be written as 1 3 ' 1 6 

P*= _ (o/m) T r " 1 © - ( C O - 1 ro tV) (5 .15) 

with p® = £^vXpvX- This relation is also of impor-
tance for the time development of the alignment 
since the Eq. (4.6) involves the molecular angular 
velocity co. Insertion of (5 .15) into (4.5) leads to 

d c o / d f + r r - 1 (co - | rot r ) = 0 . (5 .16) 

Clearly, rr introduced in (5 .15 ) , is the rotational 
relaxation time. In liquid crystals and in most 
ordinary liquids t r is very short compared with the 
orientational relaxation time which characterizes the 
decay of the alignment. Thus for the applications to 
be considered here = 0 and consequently 

(5 .17) co = | rot V 

can be assumed safely. 

§ 6. Constitutive Laws f o r the Al ignment 
and the Frict ion Pressure Tensor 

The entropy production (5.4) contains two force-
flux pairs which are symmetric traceless tensors, 

viz. pßV, Vß vv, and AßV, 2ßV . The part of the 
entropy production associated with these tensors 
of rank 2 can be written as 

ds\w 

/ irrev 
[AßV2ßV + Pk 1pßV\/ß vv] , 

where 

Pk=(\/m)QkBT 

(6.1) 

(6.2) 

is the "kinetic pressure". If AßV and Vß vv are 
considered as "fluxes", 2 v and (Y2Pk) xPn* 
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as the pertaining forces, the constitutive laws are 

AßV = (o.d2ßV +w,p(V2Pk)-^v, (6.3) 

- = + { V l P k ) - ^ • (6.4) 

The relaxation coefficients coa , . . . occurring in 
Eqs. (6.3, 4 ) have the properties 

<wa>0, <op>0, <0&(0P>WILP(0PSL, (6.5) 

and 
coap = ojpa . (6.6) 

The inequalities (6.5) guarantee that the entropy 
production (6.1) is positive. Note that coap can 
either be positive or negative. Equation (6.6) is an 
Onsager symmetry relation which is due to time 
reversal invariance of the molecular interaction. 

Notice that the constitutive laws ( 6 . 3 , 4 ) are 
nonlinear with respect to the alignment tensor a, 
cf. Equation (5 .6) . If is approximated by its 
linear term A a/iv Eqs. (6 .3 , 4) are very similar to 
the previously derived equations17 governing the 
flow birefringence in gases 18. 

Solution of Eqs. (6.3, 4 ) for 2/tv and puv yields 

= l / 2 r a p V ^ vv (6.7) 

- pßV = V2 Pk rpa A„v + 2 Pk Xp Vv . (6 .8) 
The relaxation times r.. are related to the relax-

ation frequencies co.. by 

\ C0a (Op J " (Op 

^ap ^ap //• i rw Tap = - Ta , Xp& — — ^ ra . (6.10) 

COp Mp 

The Onsager symmetry relation (6.6) implies 

Tap = Tpa • ( 6 . 1 1 ) 

Due to (6 .5 ) , the r.. obey the inequalities 

r a > 0 , r p > 0 , T a T p > (6.12) 
The Eqs. (6.7, 8) can be inferred from (6.1) direct-
ly if and ( Y ^ l P j t ) p ß V are considered as 
fluxes, then AßV and ]/2 Vß vv are the pertaining 
forces. The factor ]/2 has been inserted in (6.3, 4) 
and ( 6 . 7 , 8 ) such that the shear viscosity rj is 
related to xp by rj = Pk xp (without any numerical 
factor) . 

The application of Eqs. ( 6 .3 ,4 ) or ( 6 . 7 , 8 ) to 
the relaxation of the alignment will be discussed in 

the following sections.. Applications to flow bire-
fringence and its reciprocal phenomenon, and 
viscous flow will be discussed in a subsequent paper. 

§ 7. Relaxation of the Alignment, 
Phase Transitions 

a) General Remarks 

For V = 0 (no flow) Eqs. ( 6 . 3 , 4 ) or Eq. (6 .7) 
imply Aßy = r a - 1 . Insertion of AßV into Eq. 
(4.6) yields 

d a j d t + x - i = (7 .1) 

for ra see (6 .9 ) . Notice that (7 .1) is a nonlinear 
relaxation equation since 2 ß V as given by (5 .6) is 
nonlinear with respect to a„v . If is replaced by 
its linear approximation A a^v, Eq. (7 .1) reduces 
to the linear relaxation equation 

d a J d t + x - i a ^ ^ O , (7 .2) 

with the relaxation time 

T = r 1 t a = Ao'1 (1 - T*/T) - ^ r , . (7 .3) 

This linear approximation is applicable for small 
alignment and for T>T* where A and consequent-
ly x is positive. According to Eq. ( 7 . 2 ) , the align-
ment relaxes to zero. This occurs in ordinary 
liquids and in liquid crystals at temperatures T 
above the characteristic temperature TK at which the 
transition from the isotropic to the nematic phase 
occurs in a liquid crystal. The temperature depen-
dence of the relaxation time r as found experi-
mentally for the isotropic phase of liquid crystals 
is indeed of the form (7 .3 ) , e. g. see Reference 19. 

For 7 1 <7 t K , the linear relaxation Eq. (7 .2) is 
certainly inappropriate. The reason is that the 
alignment does not relax to zero but to a finite 
value. Next, it is demonstrated that the full non-
linear Eq. (7.1) describes such a behavior. To this 
purpose an unaxial alignment is studied. The align-
ment of nematic liquid crystals is of this type. 

b) Relaxation of an Unaxial Alignment, 
Phase Transition 

For an unaxial alignment with a constant director 
but with a time dependent order parameter a, cf. 
Eq. (1 .5 ) , Eq. (7 .1) is equivalent to 

daldt + x ' 1 [A a-Bar +Cas) = 0 ; (7 .4) 

for C see Eq. ( 3 .4 ) . Firstly, it is noted that Eq. 
(7.4) has 3 solutions a = 0 and a = ai,n for a 
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stationary situation i. e. for dafdt = 0. The nonzero 
stationary solutions are. 

The order parameter is real. Hence the values (7.5) 
for a^n are of physical relevance only if the in-
equality B~ 4 A C is fulfilled. In the following, 
A0, B, and C are assumed to be independent of the 
temperature; for A see Equation (5 .7 ) . Then this 
inequality is fulfilled for temperatures T ^ !TK* 
where T K * is defined by 

Tk* = T* (1 - B2/4 Ao C) - 1 . (7 .6) 

In order to discuss the stability of the stationary 
solutions, it is noticed that Eq. (7.4) can be written 
as 

dajdt + x ' 1 d2Jda = 0, (7 .7) 

with effective potential 

2 " = \Aa2- K « 4 ; (7 .8) 

cf. Eq. ( 5 . 1 0 ) ; (kBT Jm) 2 is recalled as the speci-
fic free energy associated with the alignment. Thus 
the mathematical analysis of the stability of the 
stationary solution of Eq. (7 .4) is equivalent to 
the analysis of the equilibrium states of a liquid 
crystal based on a Landau expression for the free 
energy analogous 

to ( 7 . 8 ) ; cf. Ref . 2 0 . States for 
which 2 assumes minimal values are (locally) 
stable. The stationary value of the order parameter 
for which 2 has an absolute minimum corresponds 
to a globally stable situation (thermal equilibrium). 

At the transition temperature 
TK = T*(1-^B2JA0C)^ (7.9) 

2 possesses two minima of equal height for a = 0 
and 

a = OK = f BJC. (7 .10) 

Note that T*<TK<TK*. The thermal equilibrium 
values of a are 

a = 0 for T>TK and a = c e q with 

«eq = «I = Ö K [ f + i V1+8(TKJT-1) (TK/T*~I)-1 j 
(7 .11) 

for T<TK. Metastable values of a corresponding 
to local but not global minima of 2 are 

a = aY for TK<T^TK*, a = 0 for T*<T<TK, 

and a = an for T <T* . 

Equation (7.11) cannot be expected to describe the 
temperature dependence of the equilibrium align-
ment too far below TK . Terms of higher than 4TH 

order in the alignment will contribute to the align-
ment entropy if the alignment increases. Further-
more, Eq. (7.11) is based on the assumption that 
the temperature dependence of A0, B, and C can be 
ignored. On the other hand, the temperature inter-
vall in which the nematic phase exists is not too 
large either. 

With the help of Eqs. (7.9, 10 ) , the coefficients 
A0, B, C are related to the measurable quantities 
7 K , T*, and ÖK . The latent heat (per particle) is 

-TKmsa(aK) = %aK2A0kBT* = | £ a K 2 ; (7 .12) 

cf. Eqs. (3.3) and (5 .8 ) . It seems worth mention-
ing that the special values (3.2) f or the coefficients 
Aq, B, C yield <5K = (TK-T*)TK^ = 2/63 and a 
value for aK corresponding to ( P 2 ) K = 2 /15 , cf. 
Equation (1 .6 ) . The experimentally observed values 
for (5K und (P2)K a r e smaller and larger by factors 
of about 0.1 and 3, respectively. It is surprising 
that the discrepancy is not larger since the special 
values (3.2) were obtained subject to the as-
sumption that the effect of intermolecular cor-
relations on the alignment entropy can be ignored. 

The dynamic behaviour of the order parameter 
is governed by Equation (7 .4) . Though this non-
linear equation can be solved in general, only some 
features of special interest are discussed here. In 
particular, it is noticed that small deviations of the 
order parameter from its equilibrium values a = 0 
(T>TK) and a = aj (7 , <7 1 K decay exponentially 
with a relaxation time x given by Eq. (7.3) for 
7 > r k and by 

x = xSi(A — 2 B ai + 3 C ai2) - 1 

= r a ( 2 C a\2 — B a i ) , (7 .13) 

for T<TK. For R = R K , T as given by (7.3) is 
equal to the expression (7 .13) . 

So far, the relaxation of the alignment in a 
spatially homogeneous system has tacitly been 
treated as isothermal, i. e. the heat conductivity has 
been assumed to be practically infinite. For an 
adiabatically isolated system, Eq. (4 .7 ) implies 

cp t — 2 e anv anv= const (7 .14) 

where cp is the specific heat. Thus A = A0( 1 — T*JT) 
occurring in the relaxation equation is time depen-
dent. However, if terms nonlinear in the alignment 
are ignored as in Eq. (7 .2 ) , A can still be con-
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sidered as constant, i. e. the relaxation time (7.3) 
is also applicable to an adiabatic process. The 
situation is slighly different for the relaxation of 
a small deviation of the order parameter from its 
equilibrium value a\ in the nematic phase. In this 
case, the adiabatic relaxation time is given by an 
expression of the form (7.13) with 3 C replaced by 

3 C + A0 
T cpT 

= 3 C + 
M CT, 

\2 
A 2 A0 . 

Next, the isothermal relaxation of the order 
parameter is considered for the temperature T* 
where Eq. (7.4) reduces to 

da/dt + r-iCa2 (a-a*) = 0 , (7 .15) 

with a * = ß / C = f a K . The asymptotic solutions 
(t ^ Ta) of Eq. (7 .15) are quite different for posi-
tive and negative initial values a0 (at « = 0 ) . In the 
first case a approaches a* exponentially. For a 0 < 0 , 
a ~ t - 1 is found. At the temperature T^* which 
specifies the limit of existence of the superheated 
metastable nematic phase, a similar semicritical be-
havior is encountered. In particular, a decays ex-
ponentially to zero for a 0 < a K * and one has 
a — ök* ~ t 1 for a o > a K * with aa*=^B/C = 
§ ÖK • Notice that the nonexponential decay occurs 
in connection with the approach of metastable sta-
tionary states. 

c) Relaxation and Stationary States for a Planar 
(Biaxial) Alignment 

For a planar alignment with the order parameter 
a cf. Eq. (1 .10 ) , the nonlinear relaxation equation 
corresponding to (7.7) is 

3 a / 3 / + r a - 1 d 2 ' a / d a = 0 (7.16) 

with 
2a = J i a 2 i K a 4 ; (7.17) 

c f . Equation (3 .6 ) . In this case, the stationary 
values are a = 0 for T>T* and 

-A y * 

T 
- 1 (7.17) 

for T < r * . The transition from the isotropic phase 
to a phase with biaxial planar alignment is of 
second order in contradistinction to the first order 
transition which occurs for the unaxial alignment. 
Biaxial nematics have previously been considered 
in R e f . 2 1 ' 2 2 . The planar alignment state of the 
liquid crystal, however, is not stable. For the tem-
perature T*, e . g . one has Jfa = 0 whereas 2 as 
given by (7 .8) for the unaxial phase assumes the 
smaller value - T\B{B/C)3. 

The dynamical behavior of the order parameter 
is particularly interesting at the temperature T* 
where Eq. (7 .16) reduces to da/dt + T a - 1 C a3 = 0. 
The solution of this nonlinear equation is 

a (0 = a (0) [ 1 + 2 C a2 (0) r'11] 

i . e . a ( t ) ~ t ~ l ! l for large times. This slowing down 
of the relaxation (nonexponential decay) is typical 
for 2nd order phase transitions. It should be pointed 
out, however, that Eq. (7 .16) is subject to the as-
sumption that the alignment is of pure planar bi-
axial type. The relaxation is different if the align-
men tensor a is a sum of an unaxial type of align-
ment as in the nematic phase plus a biaxial align-
ment. This case is considered in some detail in the 
next section. 

§ 8. Relaxation of the Alignment in the 
Nematic Phase 

a) Linearized Relaxation Equation for T<TR 

For temperatures T below the transition tem-
perature T î the alignment tensor aßV decays to the 

constant equilibrium alignment 1/3/2 aj nß nv where 
a is given by (7 .5) or ( 7 .11 ) . To describe this 
relaxation process, it is convenient to introduce the 
tensor aßV by 

A«* = V I ai nn Ry + <*nv • (8.1) 

Clearly, aßV is the deviation of the alignment tensor 
from its equilibrium value. Insertion of (8 .1) into 
Eq. (7 .1) yields a nonlinear equation. For small 

deviations aßV it is sufficient to study the linearized version of this relaxation equation, viz. 

da^/dt + ra 1 {[A + (C t + C2) Oi2] äßV + 3 Cx af nß nv nx nK älx + (| C2 ai2-6B a{) nß nx aXv) = 0 . (8.2) 

According to Eq. (8 .2 ) , aßV will decay exponen- ment which is proportional to nßnv. The direction 
tially with an anisotropic relaxation time. The an- of f l is assumed to be fixed (e. g. by application of 
isotropy is due to the constant equilibrium align- an external magnetic field). 
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b) Solution of Eq. (8.2), Anisotropy of the 
Relaxation Time 

To solve Eq. (8 .2 ) , spherical components of 2nd 
rank tensors are introduced. For any symmetric 
traceless tensor T ß V , tensors T f f i (m = 0, ± 1 ± 2 ) 
are defined by 

TW = ? S v ( n ) 7 V / . (8 .3) 

In (8.3) Pffi/u'v' (Tl) is a 4-th rank projection tensor 
which describes the infinitesimal rotation of the 2nd 
rank tensor about an axis parallel to n (if Tl is 
replaced by an axial vector parallel to i t ) ; cf. 
Ref. 23. These tensors have the properties 23 

p(m) -pirn') _ p(m) X , (OA) 

fiv,Ax J Axji v —j fiv,fi'v' wmm » 
2 2 2 'nv,nfv' T ß v ' — 2 Tii** = » (8.5) 

m= - 2 m= - 2 

T^fiv^/i'v' Tlß Tlx TXv — ( } -m2/6)T%\ (8.6) 

nß nv nx nx TXx = § . (8.7) 

Multiplication of Eq. (8.2) by the projection 
tensor leads to 

S ä f f / dt + r - ' ä ™ = 0 , 

which implies, according to ( 8 . 5 ) , 

(8.8) 

z e-'^cff) (0); t^O. (8 .9) 
m = - 2 

Use of Eqs. (8.6, 7) yields for the relaxation times 

rm = rAA-2Bal(\- \ m2) (8 .10) 
+ (Cx + f C2 - i C2 m2) O!2 + 2 Cx ai2 < 5 m > 0 ] . 

Notice that t m = r _ m . In particular, one infers from 
(8.10) T0 = T where R is given by Eq. (7 .13) and 

r1 = x_1=r& (| C2 a i 2 ) - 1 , (8 .11) 

r2 = r . 2 = T a ( 3 ß f l i ) " 1 . (8 .12) 

To obtain (8.11, 12) from (8 .10 ) , use has been 
made of A — B a\ + C af = 0, C = Ct + \ C2 . 

For the temperatures 7"K (transition temperature) 
and T*, e. g., one has 

r0/rl = lC2/C, r 0 / r 2 = 9 , (8 .13) 
and 

To/Ti = f C 2 / C , r 0 / r 2 = 3 , (8 .14) 

respectively. 

The results (8.11 — 14) are remarkable with 
regards to two aspects. Firstly, T^ - 1 is proportional 
to C2, the coefficient which vanishes for the simple 
model (3.2) based on an expression for the align-
ment entropy where the interparticle correlations 
were ignored. Thus r1 is particularly sensitive to 
these correlations. Secondly, the anisotropy of the 
relaxation time, e. g. expressed by the ratio T 0 / T 2 

is rather large. It should be emphasized, however, 
that Eqs. (8.2, 8 . 1 0 - 1 4 ) follow from Eq. (6.7) 
where the relaxation time ra was assumed to iso-
tropic, i. e. independent of the alignment. 

c) Relaxation of JJnaxial and, of Planar Biaxial 
Alignment 

To assess the consequences of Eq. (8.9) [which 
is the solution of Eq. ( 8 . 2 ) ] two special cases are 
considered: 

<V(0 ) = V § ä 0 e ß e v , (8 .15) 

ü ) S„ v (0) = V2a0eßcv, e - C = 0 , (8 .16) 

where e and C are unit vectors. In cases i) and i i ) , 
aßV is of unaxial and of planar biaxial type, respec-
tively. The latter case is of importance for the 
inertia of the flow-birefringence and the broadening 
of the depolarized Rayleigh line (in particular for 
scattering in the forward direction). Next it is 
noticed that 

= f nßnv nx nx TXx , 

+ T^71} = nß nx TXv + nv nx TXß - 2 nß nv nx nx TXx , 
r(2) . r ( - 2 ) _T T(0) (Ta) . «r ( - ih 1 fiv \ 1 HV * flV 1 nv fiV I •« flV ) •) 

for any symmetric traceless tensor TßV . Thus for the case of an unaxial alignment one has 

(8.17) 

c& (0 ) =V^ä0[(e-Tl)2-^] I nßnv, 

4V (0)+471} (0) =V§ä0[(nßev + eynß)e-Tl - 2 nß nv (e-n)2] . (8 .18) 
Hence the relaxation times T0 = T and both R0 and r2 occur for 2 Tl and e _L Tl, respectively. For (e"Tl)2 

= j , the relaxation times t j and r2 show up in Equation (8 .9 ) . 
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For the case of a planar biaxial alignment [cf. Eq. ( 8 . 1 6 ) ] , Eq. (8 .17) reduce to 

Sj? (0 ) = V2a0 f n„nvn en c, (8 .19) 

4 V (0 ) + « t ^ (0) =V%<*o [ § (nu cv + cM nv)n- e (n„ ev + njn-C - 2 nfl nv Tl e XI C] . 

Hence for e i n , C || n and for e i n , e i n one has 

äßV (0) = og> (0) + :1) (0) and äßV (0) = 5$ + ä(~2), 

respectively. In both these cases just one relaxation time, viz. Tt and r0 , respectively, occurs in Equation 
(8 .9 ) . 

These remarks indicate that it should be possible to measure the three relaxation times r 0 , x x , r2 

separately. 

Concluding Remarks 

The first part of this article (Sects. 1 — 6) was 
devoted to the derivation of the constitutive laws 
(6.3, 4) or (6.7, 8 ) . Their application was restricted 
to the relaxation of the alignment. The nonlinearity 
of the relaxation equation accounts for the fact that 
the alignment of liquid crystals relaxes to zero and 
to a finite value at temperatures T above and below 
the temperature T K at which the transition from the 
isotropic to the nematic phase occurs. For 7 '<7 'K , 
the relaxation time for the alignment becomes aniso-
tropic. An experimental investigation of this aniso-
tropy would be desirable. Further applications of 
the constitutive laws to flow alignment and its reci-
procal phenomenon, as well as to viscous flow will 
be studied in a subsequent paper. Ordinary molecu-
lar liquids, the isotropic and the nematic phases of 
liquid crystals will be considered. 

Finally, a few remarks on the limitations of the 
present approach are in order. Firstly, fluctuations 
which can be expected to be of importance at tem-
peratures very close to the transition temperature 
7K have been disregarded. Secondly, the alignment 
tensor was assumed to be spatially homogeneous. 
This limitation can be overcome rather easily. To 
this purpose a term proportional to ( V a ) 2 as-
sociated with the elastic energy has to be included 
in Eq. (2 .1) and the gradient of the flux of the 
alignment tensor has to be taken into account in 
Equation (4 .6 ) . A constitutive law for the align-
ment flux tensor can then be derived. As a con-
sequence, the relaxation equation for the alignment 
contains a term proportional to the 2nd spatial 
derivative of the alignment tensor. This term, e. g., 
determines the diffusional contribution to the width 
of the depolarized Rayleigh line. 

Appendix 
Calculations of the Entropy Associated with 

the Alignment 

The orientation of a symmetric top molecule is 
specified by the unit vector M which is parallel to 
its figure axis. Let Q = g(t,U) be the orientational 
(one-particle) distribution function with the nor-
malization 

/ f > d 2 u = l . ( A . l ) 

Then the average ( W ) of a quantity XF = ( i i ) is 
given by 

(W)=fW(u)Q(t,u)d2u. (A.2) 

The distribution function and the pertaining average 
for an equilibrium state are denoted by Q0 and 
( . . . ) 0 . According to Boltzmann1 4 , the specific 
entropy associated with the alignment is determined 
by 

« a = - (kB/m) [fQ\ngd2u - f Q0\n g0 d2u] , (A.3) 

where kB is the Boltzmann constant and m is the 
mass of a molecule. Notice that this expression for 
sa is associated with the one-particle distribution 
function. Hence interparticle correlations are 
ignored in (A .3 ) . Yet, it seems worthwhile to study 
this simple case. 

In general, Q can be written as 

e = £ ' o ( 1 + < P)> (A.4) 
with 

(<p) o = 0 . (A.5) 

The quantity cp characterizes the deviation of Q 
from £>0 . In the absence of external orienting fields 
one has 

£0 = (4 7 i ) - 1 , (A.6) 
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i. e. in equil ibrium all directions of M occur with 
equal probabil i ty . Insertion of ( A . 4 ) into ( A . 3 ) 
and use of ( A . 5 , 6 ) leads to 

k 
s a = - — ( ( l + < P ) l n ( l + < p ) ) 0 ( A . 7 ) 

— I ( - D " - 7 - - U m n = 2 n(n— 1) 2 ( - 1 ) " 

Up to terms of 4-th order in <p, Eq. ( A . 7 ) is equi-
valent to 

S A = - (kB/m) ft H<P*)o+ T M < P 4 ) O 1 • ( A . 8 ) 

Next, it is assumed that the deviation of Q f r o m 
Q0 is solely due to an alignment of the type ( 1 . 1 ) . 
Then <p can be written as 

cp = aßV <PßV ( A . 9 ) 
with 

<PßV = Vky uß uv, aßV = (<&ß y) . ( A . 1 0 ) 

The factor 1 /15 /2 has been inserted such that 

( A . l l ) 
/here 

Aftvt/i'v' = 2 (̂ jUiit' "1" ̂ ßv î'ju ) ^nv ^n'v' • 
( A . 1 2 ) 

Equation (A . 10 ) implies that the factor £ occurr ing 
in Eq. (1 .1 ) is equal to 1 /15 /2 . Insertion of ( A . 9 ) 
into ( A . 8 ) , use of ( A . l l ) and of 

(0ßV <2y/ <Zyy')o = j AßV>Xx A A ß " v " t T x 

( A . 1 3 ) 

= ( A . 1 4 ) 

4 Aßv<x'x' Aß'v't Xx) 

leads to an expression f o r s a of the f o r m ( 3 . 1 ) with 
the coefficients A0, B, Cx, C2 g iven b y ( 3 . 2 ) . 

For an unaxial alignment ( A . 9 ) reduces to 

<p=VSaP2{n-U) ( A . 1 5 ) 

cf . Equations ( 1 . 5 , 6 ) . In this case, an expression 
f o r s a of the f o r m (3 .3 ) can be obtained directly 
f r o m ( A . 8 ) with the help of the relations 

{ - ^ > 2 ) o = ® ' ( ) 0 = £> ' ( ^ 2 3 ) Ö = 3 5 ) ( • ^ > 2 4 ) O = Ä 

( A . 1 6 ) 

This again yields the values ( 3 . 2 ) f o r the coef -
ficients Aq , B, and C = C1. 
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